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Abstract
The (3+1)-dimensional κ-(A)dS noncommutative spacetime is explicitly constructed
by quantizing its semiclassical counterpart, which is the κ-(A)dS Poisson homogeneous
space. This turns out to be the only possible generalization of the well-known κ-Minkowski
spacetime to the case of non-vanishing cosmological constant, under the condition that
the time translation generator of the corresponding quantum (A)dS algebra is primitive.
Moreover, the κ-(A)dS noncommutative spacetime is shown to have a quadratic subal-
gebra of local spatial coordinates whose first-order brackets in terms of the cosmological
constant parameter define a quantum sphere, while the commutators between time and
space coordinates preserve the same structure of the κ-Minkowski spacetime. When ex-
pressed in ambient coordinates, the quantum κ-(A)dS spacetime is shown to be defined
as a noncommutative pseudosphere.
PACS: 02.20.Uw 03.30.+p 04.60.-m
KEYWORDS: quantum groups, cosmological constant, (Anti-)de Sitter, kappa-deformation,
noncommutative spacetimes, quantization
1 Introduction
Noncommutative spacetimes and their associated uncertainty relations are widely expected
to provide suitable frameworks for the description of minimum length or fuzziness features
of the spacetime arising in different approaches to Quantum Gravity (see, for instance, [1, 2,
3, 4, 5, 6, 7, 8] and references therein). As a consequence, several notions of noncommutative
spacetimes have been proposed in an attempt to describe this “quantum geometry”, and a
remarkable common feature of all these approaches is a shift from geometry to algebra [9]. In
particular, when considering noncommutative spacetimes arising from quantum groups, the
emphasis is put in the introduction of some (deformed/quantum) symmetry, in such a way
that quantum spacetimes turn out to be covariant under the action of a suitable quantum
kinematical group of isometries.
Among these noncommutative spacetimes with quantum group symmetry, probably the
most relevant example is provided by the well-known κ-Minkowski noncommutative spacetime
[xˆ0, xˆa] = −1
κ
xˆa, [xˆa, xˆb] = 0, a, b = 1, 2, 3, (1)
where κ is a parameter proportional to the Planck mass (see [10, 11, 12, 13]). The alge-
bra (1) defines a noncommutative spacetime which is covariant under the κ-Poincare´ quan-
tum group [12], a “quantum deformation” of the group of isometries of Minkowski spacetime
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which is the (Hopf algebra) dual of the κ-Poincare´ quantum algebra, that was obtained for
the first time in [13] (see also [14, 15, 16]) by making use of quantum group contraction tech-
niques [17, 18, 19] applied onto real forms of the Drinfel’d-Jimbo quantum deformation for
appropriate complex simple Lie algebras [20, 21]. Since then, the κ-Minkowski spacetime has
provided a privileged benchmark for the implementation of a number of models aiming to de-
scribe different features of quantum geometry at the Planck scale and their connections with
ongoing phenomenological proposals. Without pretending to be exhaustive, κ-Minkowski
spacetime has been studied in relation with wave propagation on noncommutative space-
times [22], Deformed Special Relativity features [23], dispersion relations [24, 25, 26], relative
locality phenomena [27], curved momentum spaces and phase spaces [28, 29], noncommuta-
tive differential calculi [30, 31], star products [32], noncommutative field theory [33, 34, 35],
representation theory [36, 37], light cones [38] and noncommutative spaces of worldlines [39].
However, when cosmological distances are involved the interplay between gravity and
quantum spacetime should take into consideration the spacetime curvature [40, 41, 42, 43],
and therefore a natural (maximally symmetric) noncommutative spacetime to be considered
should be the quantum analogue of the (Anti-)de Sitter spacetime (hereafter (A)dS). Despite
all the efforts devoted so far in the literature to κ-deformations, the generalization of the
κ-Minkowski spacetime to the (A)dS case with non-vanishing cosmological constant Λ was
still lacking. The aim of this paper is to fill this gap.
Firstly, we will present the Poisson version of such κ-(A)dS noncommutative spacetime,
since this “semiclassical” approach to noncommutative spacetimes has been shown to be very
efficient from both the conceptual and computational viewpoints (see [39, 44]). Secondly,
the quantization of the Poisson κ-(A)dS spacetime will be performed. Throughout this con-
struction the mathematical complexity associated with quantum (A)dS groups will become
evident, a fact that should reflect the intertwined features of quantum gravity effects in the
case of a quantum spacetime with non-vanishing cosmological constant.
As a main result, we will show that the quantum κ-(A)dS spacetime can be consistently
and explicitly defined, and turns out to be a cosmological constant deformation of the κ-
Minkowski spacetime (1) in terms of the η =
√−Λ parameter. Moreover, we will show that
under the physical assumption that the time translation generator is primitive at the κ-(A)dS
quantum algebra level, this is the only non-vanishing cosmological constant generalization of
the κ-Minkowski spacetime. Explicitly, the first-order expressions of the κ-(A)dS spacetime
in terms of η read
[xˆ0, xˆa] = −1
κ
xˆa, a = 1, 2, 3,
[xˆ1, xˆ2] = − η
κ
(xˆ3)2, [xˆ1, xˆ3] =
η
κ
xˆ3 xˆ2, [xˆ2, xˆ3] = −η
κ
xˆ1 xˆ3,
(2)
and the same type of commutation rules will be reproduced when ambient coordinates sˆa
containing all orders in η are considered. The most relevant features of this result are:
• This new noncommutative spacetime is, by construction, covariant under the action of
the κ-(A)dS quantum group in (3+1) dimensions given by the Hopf algebra dual to the
κ-(A)dS quantum algebra recently presented in [45].
• In contradistinction to the κ-Minkowski case, space coordinates xˆa do not commute
among themselves and close a homogeneous quadratic algebra (2). As we will see, this
algebra can be shown to define a quantum sphere related to the quantum SU(2) ≃ SO(3)
subalgebra of the (3+1)-dimensional κ-(A)dS quantum group (see also [45]).
2
• The κ-(A)dS spacetime (2) is a smooth deformation of the κ-Minkowski spacetime (1)
in terms of the cosmological constant parameter η. In particular, the η → 0 limit
of all the results contained in this paper will be always well-defined and leads to the
corresponding κ-Minkowski expressions in a straightforward and transparent manner.
The structure of the paper is the following. In the next Section we introduce the notion
of Poisson homogeneous spaces and their role as semiclassical noncommutative spaces, which
we make it explicit for the κ-Minkowski case and its twisted version. In Section 3 we review
the (A)dS algebra in the kinematical basis. We introduce ambient space coordinates and
derive a suitable local coordinate parametrization for the corresponding (A)dS Lie group. In
Section 4 the uniqueness of the proposed generalization of the κ-deformation to the (A)dS
case is rigorously proven, by showing that there only exists one quantum deformation of
the (A)dS algebra that keeps the time translation generator primitive and leads to the κ-
Poincare´ quantum algebra in the vanishing cosmological constant limit. Section 5 presents the
full expressions for the semiclassical κ-(A)dS noncommutative spacetime, and its power series
expansion in terms of the cosmological constant parameter η is analysed. The quantization of
this Poisson spacetime is also obtained in local coordinates for the first-order deformation in
η, thus giving rise to the quantum κ-(A)dS spacetime (2). Furthermore the full quantization
(in all orders in η) is performed in ambient coordinates, thus leading to a quadratic algebra
whose Casimir operator defines a quantum (A)dS pseudosphere. A final Section including
some comments and open problems closes the paper.
2 From Poisson to quantum homogeneous spacetimes
We recall that a Poisson-Lie structure on a Lie group G is a Poisson structure {·, ·} : C∞(G)×
C∞(G) → C∞(G), that is compatible with the group multiplication µ : G × G → G in the
sense that µ is a Poisson map. In the same way as a Lie algebra is the local counterpart of a
Lie group, a Poisson-Lie group has a local structure given by a Lie bialgebra, which is a pair
(g, δ), where g = Lie(G) and δ : g → g ∧ g is the cocommutator. Note that δ defines a Lie
algebra structure [·, ·]∗ : g∗ × g∗ → g∗ on the dual vector space g∗ of g, because the cocycle
condition for δ is equivalent to the Jacobi identity for the dual Lie bracket [·, ·]∗ (see [46] for
details).
In particular, for all semisimple Lie algebras all Lie bialgebra structures are coboundary
ones, i.e. the cocommutator is given by
δ(X) = [X ⊗ 1 + 1⊗X, r], ∀X ∈ g , (3)
where the r-matrix is a skewsymmetric solution of the modified classical Yang-Baxter equa-
tion (mCYBE) on g, namely
[X ⊗ 1⊗ 1 + 1⊗X ⊗ 1 + 1⊗ 1⊗X, [[r, r]] ] = 0, ∀X ∈ g . (4)
Here [[r, r]] is the so-called Schouten bracket defined by
[[r, r]] = [r12, r13] + [r12, r23] + [r13, r23] , (5)
where r12 = r
ijXi⊗Xj⊗1, r13 = rijXi⊗1⊗Xj , r23 = rij1⊗Xi⊗Xj and hereafter sum over
repeated indices will be assumed. Coboundary Lie bialgebras are the tangent counterpart of
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coboundary Poisson-Lie groups, and in that case the unique Poisson-Lie structure on G is
given by the so-called Sklyanin bracket,
{f, g} = rij (XLi fXLj g −XRi fXRj g
)
, f, g ∈ C∞(G), (6)
such that XLi and X
R
i are left- and right-invariant vector fields defined by
XLi f(h) =
d
dt
∣∣∣∣
t=0
f
(
h etTi
)
, XRi f(h) =
d
dt
∣∣∣∣
t=0
f
(
etTih
)
, (7)
where f ∈ C∞(G), h ∈ G and Ti ∈ g.
In this paper we will be interested in studying quotients of Poisson-Lie groups, obtaining
in this way covariant Poisson homogeneous spacetimes. In principle, a natural construction
would be to consider G/H, where H is a Poisson-Lie subgroup of G. However, this condition
turns out to be too restrictive and it is not necessary in order to have a well-defined Poisson
homogeneous space onto G/H, as proved in [47] (see [44] for a detailed discussion on the
subject). In fact, the necessary condition can be stated at the Lie bialgebra level, and is
the so-called coisotropy condition for the cocommutator δ with respect to the Lie subalgebra
h = Lie(H), namely
δ(h) ⊂ h ∧ g . (8)
When this condition is fulfilled for a given δ and h, it can be shown [44] that the Poisson
homogeneous structure on G/H is just defined by the canonical projection of the Sklyanin
bracket (6), and thus can straightforwardly be obtained provided that a suitable parameter-
ization of the coset space G/H is given. Afterwards, the (comodule algebra) quantization of
this Poisson bracket will give rise to the quantum noncommutative space which will be, by
construction, covariant under the quantum group defined by the (Hopf algebra) quantization
of the Sklyanin bracket.
In particular, we will be interested in constructing coisotropic Poisson homogeneous spaces
for the (3+1)-dimensional Minkowski, dS and AdS spacetimes as homogeneous spacetimes
G/H, where G is, respectively, the Poincare´, SO(4, 1) and SO(3, 2) Lie group, and H =
SO(3, 1) is always the Lorentz subgroup. In the kinematical basis {P0, Pa,Ka, Ja} (a = 1, 2, 3)
of generators of time translation, space translations, boosts and rotations, the commutation
rules for the corresponding three Lie algebras can simultaneously be written in terms of the
cosmological constant Λ as
[Ja, Jb] = ǫabcJc, [Ja, Pb] = ǫabcPc, [Ja,Kb] = ǫabcKc,
[Ka, P0] = Pa, [Ka, Pb] = δabP0, [Ka,Kb] = −ǫabcJc,
[P0, Pa] = −ΛKa, [Pa, Pb] = Λ ǫabcJc, [P0, Ja] = 0,
(9)
where from now on a, b, c = 1, 2, 3. This one-parameter family of Lie algebras contains the
dS algebra so(4, 1) for Λ > 0, the AdS algebra so(3, 2) when Λ < 0, and the Poincare´ algebra
iso(3, 1) for Λ = 0. We will refer to the family of Lie algebras (9) as the (A)dS Lie algebra.
In the case of the well-known κ-Minkowski spacetime, the skewsymmetric solution of the
mCYBE (4) which defines the κ-deformation of the Poincare´ algebra (Λ = 0) reads [10, 12]
r0 =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3) , (10)
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which generates a quasi-triangular Lie bialgebra with cocommutator map given by
δ(P0) = δ(Ja) = 0,
δ(Pa) =
1
κ
Pa ∧ P0,
δ(Ka) =
1
κ
(Ka ∧ P0 + ǫabcPb ∧ Jc).
(11)
This Lie bialgebra defines a coisotropic Poisson homogeneous Minkowski spacetime G/H
since the coisotropy condition (8) for the Lorentz subalgebra h = {Ka, Ja} is fulfilled. We
remark that despite H is not endowed with Poisson-Lie subgroup structure, all coisotropic
deformations generate well-defined Poisson homogeneous spaces.
Therefore, the κ-Minkowski Poisson homogeneous spacetime can be obtained by con-
structing the appropriate parametrization of the Poincare´ group such that (x0, x1, x2, x3)
provide suitable coordinates for G/H, and then computing the Sklyanin bracket (6) for such
Minkowski subalgebra. This explicit construction (see [39] for details) reads
{x0, xa} = −1
κ
xa, {xa, xb} = 0. (12)
From these expressions the quantization giving rise to the well-known κ-Minkowski space-
time (1) is straightforward, since the algebra (12) is linear. Also, the Sklyanin bracket is
such that rapidities and coordinates for rotation angles Poisson-commute, and the complete
quantum κ-Poincare´ group can be obtained [10].
This approach can be applied to any other coisotropic deformation. For instance, the
r-matrix generating a twisted version of the κ-Poincare´ algebra [48]
r˜0 = r0 + r
t =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3) + ϑJ3 ∧ P0 , (13)
has an additional twist term rt which preserves the coisotropy condition for the Lorentz sub-
algebra h. Therefore, the projection of the corresponding Sklyanin bracket to the Minkowski
space provides a twisted κ-Minkowski spacetime, namely
{x0, x1} = −1
κ
x1 − ϑx2, {x0, x2} = −1
κ
x2 + ϑx1, {x0, x3} = −1
κ
x3,
{xa, xb} = 0,
(14)
whose quantization is also straightforward.
3 Local coordinates for (A)dS spacetimes
According to the previous approach and with the aim to construct the κ-(A)dS noncommuta-
tive spacetime, we need a suitable parametrization of the (A)dS group and the corresponding
Lorentzian homogeneous space G/H. Let us consider the vector representation of the (A)dS
Lie algebra (9), ρ : g→ End(R5), where a generic Lie algebra element X reads
ρ(X) = x0ρ(P0) + x
aρ(Pa) + ξ
aρ(Ka) + θ
aρ(Ja) =


0 Λx0 −Λx1 −Λx2 −Λx3
x0 0 ξ1 ξ2 ξ3
x1 ξ1 0 −θ3 θ2
x2 ξ2 θ3 0 −θ1
x3 ξ3 −θ2 θ1 0


.
(15)
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This faithful representation ρ can be exponentiated to the following (A)dS group element by
using the local coordinates (x0,x, ξ,θ) (where hereafter we denote y = (y1, y2, y3)):
GΛ = expx
0ρ(P0) expx
1ρ(P1) expx
2ρ(P2) expx
3ρ(P3)
× exp ξ1ρ(K1) exp ξ2ρ(K2) exp ξ3ρ(K3) exp θ1ρ(J1) exp θ2ρ(J2) exp θ3ρ(J3).
(16)
Note that the Lorentz subgroup H = SO(3, 1) is parametrized by the six exponentials con-
taining the generators h = {Ka, Ja}. The previous ordering guarantees that the spacetime
coordinates (x0,x) can be interpreted as the right coset coordinates for any value of the
cosmological constant Λ, since they come from the factorization of GΛ = TΛ · H where TΛ
and H are, respectively, the translations and Lorentz sectors.
The matrix representation (15) allows us to identify the (A)dS Lie group as the isometry
group of the 5-dimensional linear space (R5, IΛ) with ambient coordinates (s
4, s0, s1, s2, s3) ≡
(s4, s0, s) such that IΛ is the bilinear form given by
IΛ = diag(+1,−Λ,Λ,Λ,Λ), (17)
and (16) fulfils GT
Λ
IΛGΛ = IΛ. In this way the origin of the (A)dS spacetime has ambient
coordinates O = (1, 0, 0, 0, 0) and is invariant under the action of the Lorentz subgroup
H (see (15)). The orbit passing through O corresponds to the (3+1)-dimensional (A)dS
spacetime defined by the pseudosphere
ΣΛ ≡ (s4)2 − Λ(s0)2 + Λ
(
(s1)2 + (s2)2 + (s3)2
)
= 1, (18)
determined by IΛ (17). Note that in the limit Λ → 0, the Minkowski spacetime will be
identified with the hyperplane s4 = +1, which also contains O.
The spacetime coordinates (x0,x) are the so-called geodesic parallel coordinates (see [49])
which are defined in terms of the action of the one-parameter subgroups of spacetime trans-
lations onto the origin O = (1, 0, 0, 0, 0) through
(s4, s0, s)T = expx0ρ(P0) expx
1ρ(P1) expx
2ρ(P2) expx
3ρ(P3) · OT . (19)
This yields the following relationships between ambient and local coordinates for the (A)dS
spacetime:
s4 = cos ηx0 cosh ηx1 cosh ηx2 cosh ηx3,
s0 =
sin ηx0
η
cosh ηx1 cosh ηx2 cosh ηx3,
s1 =
sinh ηx1
η
cosh ηx2 cosh ηx3,
s2 =
sinh ηx2
η
cosh ηx3,
s3 =
sinh ηx3
η
,
(20)
where the parameter η is defined by
η2 := −Λ. (21)
Thus η is real for the AdS space and a purely imaginary number for the dS one. In the
vanishing cosmological limit, η → 0, the ambient coordinates reduce to the usual Cartesian
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ones in the Minkowski spacetime: (s4, s0, s) ≡ (1, x0,x). The metric on the homogeneous
spacetime can now be obtained from the flat ambient metric determined by IΛ, after dividing
it by the curvature (which is −Λ) and by restricting the resulting metric to the pseudosphere
ΣΛ (18). Finally, its expression in terms of geodesic parallel coordinates turns out to be
dσ2 = cosh2(ηx1) cosh2(ηx2) cosh2(ηx3)(dx0)2 − cosh2(ηx2) cosh2(ηx3)(dx1)2
− cosh2(ηx3)(dx2)2 − (dx3)2 . (22)
Note also that the explicit form of the (A)dS group element GΛ (16) reads
GΛ =


s4 A40 A
4
1 A
4
2 A
4
3
s0 B0
0
B0
1
B0
2
B0
3
s1 B10 B
1
1 B
1
2 B
1
3
s2 B2
0
B2
1
B2
2
B2
3
s3 B30 B
3
1 B
3
2 B
3
3


, (23)
where the entries Aαβ and B
µ
ν depend on all the group coordinates (x0,x, ξ,θ) and on the
cosmological constant Λ. Recall that translations do not close a subgroup and that the action
of the (A)dS group on the coordinates is not linear. In the limit Λ → 0, these expressions
reduce to the well-known matrix representation of the Poincare´ group
lim
Λ→0
GΛ =


1 0 0 0 0
x0 L00 L
0
1 L
0
2 L
0
3
x1 L10 L
1
1 L
1
2 L
1
3
x2 L20 L
2
1 L
2
2 L
2
3
x3 L30 L
3
1 L
3
2 L
3
3


, (24)
such that the entries Lµν parametrize an element of the Lorentz subgroup, so depending only
on (ξ,θ). From the group action of GΛ (23) on itself via right- and left-multiplication, a
lengthy computation provides explicit expressions for left- and right-invariant vector fields
XLi and X
R
i (7) in terms of the local coordinates (x
0,x, ξ, θ) and Λ.
4 κ-deformations of the (A)dS algebra
As it was previously mentioned, the κ-Poincare´ deformation is completely determined by the
solution of the mCYBE (4) given by the skewsymmetric element (10). The main feature of
this r-matrix is that the associated cocommutator δ(P0) vanishes, and this is a necessary
condition for the coproduct of the κ-Poincare´ quantum algebra to be a primitive generator,
namely ∆(P0) = P0⊗ 1+1⊗P0. This fact is essential in order to allow exponentials eP0/κ to
emerge as the building blocks of the quantum κ-deformation and of the dispersion relation
arising from the deformed Casimir, thus implying that κ has dimensions of a (Planck) mass.
Therefore, it seems natural to assume that a quantum deformation of the (A)dS algebra
can properly be called a κ-deformation provided that it is generated by a skewsymmetric
solution rΛ of the mCYBE for the (A)dS algebra (9) fulfilling two conditions:
• The P0 generator is primitive: δ(P0) = [P0 ⊗ 1 + 1⊗ P0, rΛ] = 0.
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• Its vanishing cosmological constant limit is just the κ-Poincare´ r-matrix (10), namely
limΛ→0 rΛ = r0.
A long but straightforward computer-assisted calculus (which starts from a completely
generic skewsymmetric r-matrix depending on 45 parameters onto which the mCYBE is
imposed) shows that the only family of multiparametric (A)dS r-matrices compatible with
these two conditions is given by:
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3) + P0 ∧ (β1J1 + β2J2 + β3J3)
+ α3J1 ∧ J2 − α2J1 ∧ J3 + α1J2 ∧ J3 ,
(25)
together with the following quadratic relations among the parameters:
β1α3 − β3α1 = 0, β1α2 − β2α1 = 0, β2α3 − β3α2 = 0,
α21 + α
2
2 + α
2
3 =
(η
κ
)2
.
(26)
Notice that the term P0 ∧ (β1J1 + β2J2 + β2J3) in (25) is given by the superposition of three
twists (recall from (9) that [P0, Ja] = 0) and therefore these three terms would lead to the
(A)dS generalization of the twisted κ-Poincare´ r-matrix (13). The equations (26) have a
neat geometrical interpretation: non-twisted solutions (with parameters αi) are given by the
vector of a point in the sphere with radius η/κ, while twisted solutions (with parameters βi)
are defined by another vector orthogonal to the former. Note also that equations (26) are
valid for Λ = 0 (η = 0); in this Poincare´ case α1 = α2 = α3 = 0 and the twists parameters
are free.
In order to solve the equations (26), let us firstly consider the non-twisted case with
β1 = β2 = β3 = 0. Then the only non-vanishing equation in (26) defines a sphere of radius
R = η/κ, so we can write
α3 = R cos θ, α2 = −R sin θ sinϕ, α1 = R sin θ cosϕ, (27)
where θ ∈ [0, π], ϕ ∈ [0, 2π). Now, the solution (25) reads
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3)
+
η
κ
(cos θJ1 ∧ J2 + sin θ sinϕJ1 ∧ J3 + sin θ cosϕJ2 ∧ J3) .
(28)
The last term within the r-matrix (28) is represented by a point on the 2D sphere parametrized
by (27), and it is straightforward to prove that the Lie algebra generator
J˜3 = sin θ cosϕJ1 − sin θ sinϕJ2 + cos θJ3 , (29)
becomes primitive under the deformation defined by the r-matrix (28), i.e δ(J˜3) = 0. Now,
since there exists an automorphism of the (A)dS algebra (9) that corresponds to the rotation
providing the new J˜3 generator (29), we can apply it to the r-matrix (28), and we find the
following transformed r-matrix (tildes will be omitted for the sake of simplicity)
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3 + ηJ1 ∧ J2) . (30)
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This shows that we can simply take θ = 0 in (28) with no loss of generality, and we arrive
at the only possible solution for the r-matrix which has previously been considered as the
one generating the (non-twisted) κ-(A)dS deformation [19, 45, 50, 51]. Moreover, this com-
putation provides a neat geometrical intuition of the fact discussed in [52] that a rotation
generator becomes privileged when Λ 6= 0. Also, this proves that, modulo Lie algebra auto-
morphisms, the (A)dS r-matrix (30) is the only (non-twisted) skewsymmetric solution of the
mCYBE which generalizes the κ-Poincare´ deformation.
For the twisted case we have that (β1, β2, β3) 6= (0, 0, 0). With no loss of generality we
can assume that β3 6= 0. By taking into account (26) and (27) we find that
β1 = β3 tan θ cosϕ, β2 = −β3 tan θ sinϕ, (31)
(θ 6= π/2) which inserted in (28) gives
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3) + β3P0 ∧ (tan θ cosϕJ1 − tan θ sinϕJ2 + J3)
+
η
κ
(cos θJ1 ∧ J2 + sin θ sinϕJ1 ∧ J3 + sin θ cosϕJ2 ∧ J3).
(32)
Now, if we consider the rotated basis such that θ = 0 and rename the twist parameter as
β3 = −ϑ we arrive at
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3 + ηJ1 ∧ J2) + ϑJ3 ∧ P0 , (33)
which is just the r-matrix presented in [53] as the one arising from a Drinfel’d double structure
of the (A)dS Lie algebra (see also [45]). The Poincare´ Λ → 0 limit of this r-matrix yields
(13), which along with its Galilean counterpart were studied in [48].
5 The κ-(A)dS noncommutative spacetime
After the previous discussion we shall take the r-matrix (30) as the generating object for the
κ-(A)dS deformation, and in particular for its associated noncommutative spacetime. First
of all, we compute the cocommutator map (3) associated to this r-matrix, which reads
δ(P0) = δ(J3) = 0, δ(J1) =
η
κ
J1 ∧ J3, δ(J2) = η
κ
J2 ∧ J3,
δ(P1) =
1
κ
(P1 ∧ P0 − ηP3 ∧ J1 − η2K2 ∧ J3 + η2K3 ∧ J2),
δ(P2) =
1
κ
(P2 ∧ P0 − ηP3 ∧ J2 + η2K1 ∧ J3 − η2K3 ∧ J1),
δ(P3) =
1
κ
(P3 ∧ P0 + ηP1 ∧ J1 + ηP2 ∧ J2 − η2K1 ∧ J2 + η2K2 ∧ J1),
δ(K1) =
1
κ
(K1 ∧ P0 + P2 ∧ J3 − P3 ∧ J2 − ηK3 ∧ J1),
δ(K2) =
1
κ
(K2 ∧ P0 − P1 ∧ J3 + P3 ∧ J1 − ηK3 ∧ J2),
δ(K3) =
1
κ
(K3 ∧ P0 + P1 ∧ J2 − P2 ∧ J1 + ηK1 ∧ J1 + ηK2 ∧ J2).
(34)
Here it becomes clear that the su(2) ≃ so(3) Lie subalgebra generated by the rotation gener-
ators {J1, J2, J3} defines a sub-Lie bialgebra structure, which becomes non-trivial when the
cosmological constant (21) is different from zero, a fact that will be relevant in the sequel.
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Since the cocommutator (34) fulfils the coisotropy condition (8) with respect to the
Lorentz subalgebra, the Poisson homogeneous κ-(A)dS spacetime will be given by the Sklyanin
bracket (6) restricted to the spacetime coordinates. Threfore, left- and right-invariant vec-
tor fields for the (A)dS group have to be obtained (through a really cumbersome computer-
assisted computation) from the group action given by the multiplication of two matrices (23).
For the sake of brevity we omit the explicit form of such invariant vector fields, which af-
ter being inserted in the Sklyanin bracket defined by (30) lead to the Poisson homogeneous
κ-(A)dS spacetime given by
{x0, x1} = −1
κ
tanh(ηx1)
η cosh2(ηx2) cosh2(ηx3)
,
{x0, x2} = −1
κ
tanh(ηx2)
η cosh2(ηx3)
,
{x0, x3} = −1
κ
tanh(ηx3)
η
,
(35)
{x1, x2} = −1
κ
cosh(ηx1) tanh2(ηx3)
η
,
{x1, x3} = 1
κ
cosh(ηx1) tanh(ηx2) tanh(ηx3)
η
,
{x2, x3} = −1
κ
sinh(ηx1) tanh(ηx3)
η
,
(36)
which can be thought of as a (complicated) cosmological constant deformation of the (Poisson)
κ-Minkowski spacetime (12) in terms of the parameter η (21).
A striking feature of the κ-(A)dS spacetime suddenly arises from these expressions: brack-
ets between space coordinates do not vanish, in contradistinction with the κ-Minkowski
case (and also with the (2+1) κ-(A)dS spacetime presented in [49], which can be obtained
from (35)–(36) by projecting x3 → 0). In order to stress the relationship with the κ-Minkowski
expressions, we can take the power series expansion of (35) in terms of η, and we get
{x0, x1} = −1
κ
(x1 + o[η2]),
{x0, x2} = −1
κ
(x2 + o[η2]),
{x0, x3} = −1
κ
(x3 + o[η2]),
(37)
whose zeroth-order in η is just the κ-Minkowski spacetime, whilst the first-order deformation
in η of the space subalgebra (36) defines the following homogeneous quadratic algebra
{x1, x2} = −1
κ
(η (x3)2 + o[η2]),
{x1, x3} = 1
κ
(η x2x3 + o[η2]),
{x2, x3} = −1
κ
(η x1x3 + o[η2]).
(38)
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This essential novelty of the κ-(A)dS spacetime deserves further discussion. Firstly, note
that the quadratic Poisson algebra arising in (38) and given by
{x1, x2} = −η
κ
(x3)2, {x1, x3} = η
κ
x2x3, {x2, x3} = −η
κ
x1x3, (39)
can be identified [54, 55] as a subalgebra of the semiclassical limit of Woronowicz’s quantum
SU(2) group [56, 57] (see also [58, 59]). We also recall that the brackets
{x1, x2} = f ∂F
∂x3
, {x2, x3} = f ∂F
∂x1
, {x3, x1} = f ∂F
∂x2
, (40)
always define a three-dimensional Poisson algebra for any choice of the smooth functions f and
F , and the Casimir function for (40) is just the function F [60]. Therefore, the algebra (39)
can directly be obtained by taking
F (x1, x2, x3) = (x1)2 + (x2)2 + (x3)2, f(x1, x2, x3) = −1
2
η
κ
x3. (41)
This implies that two-dimensional spheres
S = (x1)2 + (x2)2 + (x3)2, (42)
define symplectic leaves for the Poisson structure (39). Moreover, it is straightforward to
check that the Poisson brackets (36) arise in the Sklyanin bracket just from the J1 ∧ J2 term
of the r-matrix (30). This explains why the Poisson algebra (39) is naturally linked to the
semiclassical limit of the quantum SU(2) subgroup of the κ-(A)dS deformation, albeit realized
on the 3-space coordinates. In this respect, we recall that the su(2) subalgebra generated
by {J1, J2, J3} becomes a quantum su(2) subalgebra when the full quantum deformation is
constructed [45], a fact that can already be envisaged from the cocommutator (34) where the
su(2) generators define a sub-Lie bialgebra.
Furthermore, the algebra (39) can be quantized as
[xˆ1, xˆ2] = − η
κ
(xˆ3)2, [xˆ1, xˆ3] =
η
κ
xˆ3xˆ2, [xˆ2, xˆ3] = − η
κ
xˆ1xˆ3, (43)
since associativity is ensured by the Jacobi identity, which can be checked by considering the
ordered monomials (xˆ1)l (xˆ3)m (xˆ2)n. The Casimir operator for (43) can be proven to be
Sˆη/κ = (xˆ
1)2 + (xˆ2)2 + (xˆ3)2 +
η
κ
xˆ1xˆ2, (44)
which defines the “quantum spheres” generated by the noncommuting κ-(A)dS local co-
ordinates. Thus space coordinates become noncommutative, while at first-order in η the
time-space sector is kept invariant with respect to the κ-Minkowski case. Moreover, the
space-space brackets (39) are just a subalgebra of the quantum SU(2) group.
Now, the quantum κ-(A)dS spacetime for any order in η should be obtained as the quan-
tization of the full Poisson algebra (35)-(36), which is by no means a trivial task due to the
noncommutativity of the space coordinates given by (36). However, by considering the five
ambient coordinates (s4, s0, s) defined by (20) and fulfilling the constraint (18), we get that
their Sklyanin bracket leads to the following quadratic algebra
{s0, sa} = −1
κ
sas4, {s4, sa} = η
2
κ
sas0, a = 1, 2, 3,
{s1, s2} = −η
κ
(s3)2, {s1, s3} = η
κ
s2s3, {s2, s3} = −η
κ
s1s3,
{s0, s4} = −η
2
κ
(
(s1)2 + (s2)2 + (s3)2
)
,
(45)
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which is, at most, quadratic in the cosmological constant parameter η. Since the subalgebra
generated by the three ambient space coordinates s is formally the same as (39), its quantiza-
tion would give the same result as (43), but now with sˆ instead of xˆ. By taking into account
this fact and by considering the ordered monomials (sˆ0)k (sˆ1)l (sˆ3)m (sˆ2)n (sˆ4)j , a long but
straightforward computation shows that the following quadratic brackets give rise to an as-
sociative algebra (i.e., Jacobi identities are satisfied) which becomes the full quantization of
the Poisson brackets (45)
[sˆ0, sˆa] = −1
κ
sˆasˆ4, [sˆ4, sˆa] =
η2
κ
sˆ0sˆa, [sˆ0, sˆ4] = −η
2
κ
Sˆη/κ,
[sˆ1, sˆ2] = −η
κ
(sˆ3)2, [sˆ1, sˆ3] =
η
κ
sˆ3sˆ2, [sˆ2, sˆ3] = −η
κ
sˆ1sˆ3,
(46)
and defines the κ-(A)dS spacetime for all orders in η. Here Sˆη/κ is given by
Sˆη/κ = (sˆ1)2 + (sˆ2)2 + (sˆ3)2 +
η
κ
sˆ1sˆ2 , (47)
and this operator is the analogue of the quantum sphere (44) in quantum ambient coordinates,
since (47) is just the Casimir operator for the subalgebra spanned by sˆ, namely [Sˆη/κ, sˆa] = 0.
However, Sˆη/κ does not commute with the remaining quantum ambient coordinates:
[Sˆη/κ, sˆ0] =
1
κ
(
sˆ4 Sˆη/κ + Sˆη/κ sˆ4
)− η
2
κ2
sˆ0 Sˆη/κ,
[Sˆη/κ, sˆ4] = −
η2
κ
(
sˆ0 Sˆη/κ + Sˆη/κ sˆ0
)
+
η2
κ2
Sˆη/κ sˆ4.
(48)
In fact, the Casimir operator for the full κ-(A)dS quantum space (46) is found to be
Σˆη,κ = (sˆ
4)2 + η2(sˆ0)2 − η
2
κ
sˆ0sˆ4 − η2Sˆη/κ, (49)
which is just the quantum analogue of the pseudosphere (18) that defines the (A)dS space.
Indeed, the quantization of the algebra (45) that we have obtained should coincide with the
corresponding subalgebra of the full κ-(A)dS quantum group relations obtained by applying
the usual FRT approach [61] onto the quantum matrix group arising from (23). Note that
the ambient coordinates are entries of this matrix and the quantum R-matrix for the κ-
(A)dS quantum algebra should be derived from the one associated to the Drinfel’d-Jimbo
deformation [20, 21] of the corresponding complex simple Lie algebra.
We would like to stress that from a physical perspective the relevant parameter appearing
in the κ-(A)dS 3-space (43) is just η/κ, which is actually very small. This fact could preclude
the need of considering higher order terms in the algebras (37)-(38) for all physically relevant
purposes. Therefore, the noncommutative algebra (2) should suffice in order to provide the
essential information concerning the novelties introduced by the κ-(A)dS spacetime with
respect to the κ-Minkowski one. In particular, the changes introduced by the cosmological
constant in the representation theory of the latter [36, 37] are worth studying as a first step,
and we recall that the irreducible representations for a complex C∗-version of the algebra (43)
were presented in [58] (see also [59]).
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6 Concluding remarks
The construction of noncommutative (A)dS spacetimes with quantum group symmetry pro-
vides new tools aimed to explore the quantum geometry of spacetime at cosmological scales.
Nevertheless, the explicit obtention of both the quantum (A)dS groups and their corre-
sponding noncommutative spacetimes is, in general, a very cumbersome task, which can be
illustrated by the fact that only recently the complete κ-deformation for the (A)dS algebra
in (3+1) dimensions has been achieved in [45]. The aim of the present work is just the con-
struction and analysis of the associated κ-(A)dS noncommutative spacetime by making use
of a semiclassical approach based on the corresponding Poisson-Lie κ-(A)dS group and its
Poisson homogeneous space.
Under the only hypothesis that the time translation generator is primitive after defor-
mation, the uniqueness of the generalization of the κ-Poincare´ quantum deformation to the
(A)dS case has been shown, and such quantum (A)dS algebra turns out to be just the one pre-
sented in [45]. Therefore, the corresponding (A)dS Poisson noncommutative spacetime can
explicitly be constructed and arises as a nonlinear deformation of the κ-Minkowski spacetime
in terms of the cosmological constant parameter η =
√−Λ. The quantization at first-order in
η of the κ-(A)dS Poisson algebra gives rise to a noncommutative spacetime which is identical
to the κ-Minkowski spacetime for the time-space sector and presents a novel noncommuta-
tivity of the space sector ruled by the cosmological constant and arising from the quantum
SU(2) subalgebra that exists within the κ-(A)dS deformation. Moreover, the full κ-(A)dS
spacetime can be obtained in all orders in η by working in ambient space coordinates which,
in turn, give rise to the κ-(A)dS spacetime as a noncommutative pseudosphere.
It is also worth mentioning that the noncommutative spacetime coming from the r-
matrix (33) of the twisted κ-deformation of the (A)dS group can be obtained by following
the very same approach, since it again provides a coisotropic Lie bialgebra for the Lorentz
sector. As it happened with the twisted κ-Minkowski spacetime (14), the computation of
the Sklyanin bracket shows that the twist does not affect the Poisson brackets between space
coordinates—which are again (36)—and the twisted brackets involving x0 and the space
coordinates xa are given by
{x0, x1} = −1
κ
tanh(ηx1)
η cosh2(ηx2) cosh2(ηx3)
− ϑ cosh(ηx
1) tanh(ηx2)
η
,
{x0, x2} = −1
κ
tanh(ηx2)
η cosh2(ηx3)
+ ϑ
sinh(ηx1)
η
,
{x0, x3} = −1
κ
tanh(ηx3)
η
,
(50)
which again provide a nonlinear algebra deformation of the twisted κ-Minkowski whose
zeroth-order in η leads to (14), and where ϑ is the twist parameter.
Some words concerning the (2+1)-dimensional counterpart of the results here presented
are in order, since it is well-known that the κ-(A)dS deformation leads to a vanishing com-
mutation rule [xˆ1, xˆ2] = 0 for the space coordinates (see [49]). This can easily be explained
by taking into account that in (2+1) dimensions the κ-(A)dS r-matrix reads
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2) , (51)
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and the term J1 ∧ J2 which generates the space-space noncommutativity (43) in (3+1) di-
mensions cannot exist.
Indeed, the consequences of making use of the κ-(A)dS noncommutative spacetime (2)
from different quantum gravity perspectives have to be explored promptly by following similar
approaches to the ones used so far for the κ-Minkowski spacetime (see, for instance, [22]-[39]).
Work on this line is currently in progress and will be presented elsewhere.
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